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The class of ordinals is denoted by On and it satisfies the
following postulates (which can be proved in ZFC):
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The class of ordinals is denoted by On and it satisfies the
following postulates (which can be proved in ZFC):

(On, <) is linearly ordered (= totally ordered).
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The class of ordinals is denoted by On and it satisfies the
following postulates (which can be proved in ZFC):

(On, <) is linearly ordered (= totally ordered).

if 0 & C C On then C has a minimal element, denoted by
min C.
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The class of ordinals is denoted by On and it satisfies the
following postulates (which can be proved in ZFC):

(On, <) is linearly ordered (= totally ordered).

if 0 & C C On then C has a minimal element, denoted by
min C.

the class {£ € On | ¢ < a} is a set for all « € On.
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following postulates (which can be proved in ZFC):

(On, <) is linearly ordered (= totally ordered).

if 0 & C C On then C has a minimal element, denoted by
min C.

the class {£ € On | ¢ < a} is a set for all « € On.

for every set A C On exists a v € On such that o < ~ for all
a € A
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The class of ordinals is denoted by On and it satisfies the
following postulates (which can be proved in ZFC):

(On, <) is linearly ordered (= totally ordered).

if 0 & C C On then C has a minimal element, denoted by
min C.

the class {£ € On | ¢ < a} is a set for all « € On.

for every set A C On exists a v € On such that o < ~ for all
a € A

We use the following abbreviations: 0 = min On
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The class of ordinals is denoted by On and it satisfies the
following postulates (which can be proved in ZFC):

(On, <) is linearly ordered (= totally ordered).

if 0 & C C On then C has a minimal element, denoted by
min C.

the class {£ € On | ¢ < a} is a set for all « € On.

for every set A C On exists a v € On such that o < ~ for all
a € A
We use the following abbreviations: 0 = min On and
o =min{{ €On | a < ¢}
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TRANSFINITE INDUCTION

Theorem
Let ¢ be a property of ordinals. If
Va € On: (VE < a:¢(f)) — ¢(a) then Va € On : ¢(a).

Proof.
Assume the antecedence and assume that there exists a 5 € On

such that —¢(5).
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TRANSFINITE INDUCTION

Theorem
Let ¢ be a property of ordinals. If
Va € On: (VE < a:¢(f)) — ¢(a) then Va € On : ¢(a).

Proof.
Assume the antecedence and assume that there exists a 5 € On

such that —¢(3). Define
C = {£ € On|-¢(S)}

This class is non empty since g € C.
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Let ¢ be a property of ordinals. If
Va € On: (VE < a:¢(f)) — ¢(a) then Va € On : ¢(a).

Proof.
Assume the antecedence and assume that there exists a 5 € On

such that —¢(3). Define
C = {£ € On|-¢(S)}

This class is non empty since g € C. Put ag = min C.
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such that —¢(3). Define
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LIMIT ORDINALS

The class of limit ordinals (denoted by Lim) is defined by
acelim < a#0AV¢<a:¢<a

The least limit ordinal is w = min Lim.
For a set A C On define

supA=min{{ €On |Vae A:a <&}

In particular we have sup () = 0.
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SUPREMA

Lemma

Assume that A # () and that A C On is a set. If sup A ¢ A then
sup A € Lim.

_—
UNIVERSITEIT
GENT

=] = = E = DAl



BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

SUPREMA

Lemma
Assume that A # () and that A C On is a set. If sup A ¢ Athen

sup A € Lim.
Proof. Let « = sup A, then o > 0 since A () and sup A ¢ A.
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Assume that A # () and that A C On is a set. If sup A ¢ Athen

sup A € Lim.
Proof. Let « = sup A, then o > 0 since A # () and sup A ¢ A. Let
b < ain A.
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Lemma
Assume that A # () and that A C On is a set. If sup A ¢ Athen

sup A € Lim.
Proof. Let « = sup A, then o > 0 since A # () and sup A ¢ A. Let
B < ain A. We have to show that g’ < «.
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SUPREMA

Lemma
Assume that A # () and that A C On is a set. If sup A ¢ Athen

sup A € Lim.

Proof. Let « = sup A, then o > 0 since A # () and sup A ¢ A. Let
£ < ain A. We have to show that 3’ < . Because of 5 < « and
a = sup A there exists a £ € A such that 5 < ¢ < a and thus
f<E<a,
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WELL FOUNDED RELATIONS

A binary relation R is called well founded if every non empty set
contains an R-minimal element.
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A binary relation R is called well founded if every non empty set
contains an R-minimal element.

Lemma

If < is well founded then there does not exist an infinite
descending chain of elements in with respect to <.
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WELL FOUNDED RELATIONS

A binary relation R is called well founded if every non empty set
contains an R-minimal element.
Lemma
If < is well founded then there does not exist an infinite
descending chain of elements in with respect to <.

If <C A x A and if there exists an F : A — On such that
Vx,y:x <y — F(x) < F(y) then < is well founded.
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WELL FOUNDED RELATIONS

A binary relation R is called well founded if every non empty set
contains an R-minimal element.

Lemma
If < is well founded then there does not exist an infinite
descending chain of elements in with respect to <.

If <C A x A and if there exists an F : A — On such that
Vx,y:x <y — F(x) < F(y) then < is well founded.

Proof.

The first assertion is obvious. The elements of an infinite
descending chain form a non empty set without a minimal
eleament
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For a proof of the second assertion assume that X # (. If
X N A=0{thenevery x € X is a <-minimal element and the
assertion follows.
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For a proof of the second assertion assume that X # (. If
X N A=0{thenevery x € X is a <-minimal element and the
assertion follows.

Assume now that X N A # ) and define

B =min{F(x) | x € XN A}.
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assertion follows.

Assume now that X N A # ) and define
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For a proof of the second assertion assume that X # (. If

X N A=0{thenevery x € X is a <-minimal element and the
assertion follows.

Assume now that X N A # ) and define

g =min{F(x) | x € XN A}. Let xo € XN Asuch that F(xp) = 0.
Then Xy is minimal.
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For a proof of the second assertion assume that X # (. If

X N A=0{thenevery x € X is a <-minimal element and the
assertion follows.

Assume now that X N A # ) and define

g =min{F(x) | x € XN A}. Let xo € XN Asuch that F(xp) = 0.
Then X is minimal. If there exists an x; € X such that x; < xg
then necessarily x; ¢ A.
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For a proof of the second assertion assume that X # (. If

X N A=0{thenevery x € X is a <-minimal element and the
assertion follows.

Assume now that X N A # () and define

B =min{F(x) | x € XN A}. Let X, € X N Asuch that F(x,) = f.
Then X is minimal. If there exists an x; € X such that x; < xg
then necessarily x; ¢ A. Otherwise x; € Ayields F(x1) < F(xo)
in contradiction with the assumption that xp is minimal.
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A function F : On — On is called order preserving (0.p.) if
a<f = F(a) < F(B).
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A function F : On — On is called order preserving (o.p.) if
a<f = F(a) < F(B).

Lemma
If F:On — Onis o.p., then F(a) > « holds for all o € On.

_—
UNIVERSITEIT
GENT

o = = = = 9Dac



BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

A function F : On — On is called order preserving (o0.p.) if
a< f = F(a) < F(P).

Lemma
If F:On — Onis o0.p., then F(a) > a holds for all « € On.

Proof. Assume that there exists an o € On such that F(«) < «a.
Define

C={¢eOn|F() <&}

Then C # () and C C On, hence there exists oy = min C. Since
F is order preserving we conclude from F(ag) < «p that
F(F(a)) < F(ap) and thus F(«ap) € C. But we have F(«ao) < dor

in contradiction with the minimality of a. NG
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ENUMERATION FUNCTIONS

A function F : On — A is called ordering function for A C On if F
is order preserving and surjective onto A.
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A function F : On — A is called ordering function for A C On if F
is order preserving and surjective onto A.

A C On is unbounded if for all & € On there exists a 5 € A such
that o < .
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ENUMERATION FUNCTIONS

A function F : On — A is called ordering function for A C On if F
is order preserving and surjective onto A.

A C On is unbounded if for all & € On there exists a 5 € A such
that o < .

A C On is called closed if sup X € A for all non empty sets
X CA
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ENUMERATION FUNCTIONS

A function F : On — A is called ordering function for A C On if F
is order preserving and surjective onto A.

A C On is unbounded if for all & € On there exists a 5 € A such
that o < .

A C On is called closed if sup X € A for all non empty sets

X C A.

If A C On is closed and unbounded then A is called club.
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ENUMERATION FUNCTIONS

Lemma
Let A be unbounded. Then there exists a uniquely determined
ordering function Enumg4 on A such that

Enuma(a) = min{8 € A | V¢ < o : Enumg(§) < 5}
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Lemma
Let A be unbounded. Then there exists a uniquely determined

ordering function Enumg4 on A such that

Enuma(a) = min{8 € A | V¢ < o : Enumg(§) < 5}

Proof of existence of F for A using transfinite recursion.
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Lemma
Let A be unbounded. Then there exists a uniquely determined
ordering function Enumg4 on A such that

Enuma(a) = min{8 € A | V¢ < o : Enumg(§) < 5}

Proof of existence of F for A using transfinite recursion. Assume
inductively that F(¢) is defined for all £ < a.
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ordering function Enumg4 on A such that

Enuma(a) = min{8 € A | V¢ < o : Enumg(§) < 5}

Proof of existence of F for A using transfinite recursion. Assume
inductively that F(¢) is defined for all £ < . Then {F(§) | £ < a}
is a set and hence there exists a minimal v € On such that
F(¢) <~y forall ¢ < a.
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Proof of existence of F for A using transfinite recursion. Assume
inductively that F(¢) is defined for all £ < . Then {F(§) | £ < a}
is a set and hence there exists a minimal v € On such that

F(¢) < v forall ¢ < . Because A is unbounded there exists a_

minimal 5 € A such that v < ﬁ UN%TEIT
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ENUMERATION FUNCTIONS

Lemma
Let A be unbounded. Then there exists a uniquely determined
ordering function Enumg4 on A such that

Enuma(a) = min{8 € A | V¢ < o : Enumg(§) < 5}

Proof of existence of F for A using transfinite recursion. Assume
inductively that F(¢) is defined for all £ < . Then {F(§) | £ < a}
is a set and hence there exists a minimal v € On such that

F(¢) < v forall ¢ < . Because A is unbounded there exists a_
minimal 3 € A such that v < 8. Hence F(a) = 8 and so F isuisrer

totally defined.
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We still have to show that F is order preserving and surjective

with range(F) = A.
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We still have to show that F is order preserving and surjective
with range(F) = A. That F is order preserving is easy to see. To
prove surjectivity let v € A.
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We still have to show that F is order preserving and surjective
with range(F) = A. That F is order preserving is easy to see. To
prove surjectivity let v € A. Then there exists

a=min{{ | v < F(§)} since a < F(a).
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We still have to show that F is order preserving and surjective
with range(F) = A. That F is order preserving is easy to see. To
prove surjectivity let v € A. Then there exists

a=min{{ | v < F(§)} since a < F(a). We have v < F(«) and
VE < a: F(§) <~vsothat F(a) = 1.
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Proof of uniqueness. Let F and G both be ordering functions for
A, thus F,G: On — Aand F, G are surjective and order
preserving.
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Proof of uniqueness. Let F and G both be ordering functions for
A, thus F,G: On — Aand F, G are surjective and order
preserving. Assume by induction on « that V¢ < o : F(&) = G(§).
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Proof of uniqueness. Let F and G both be ordering functions for
A, thus F,G: On — Aand F, G are surjective and order
preserving. Assume by induction on « that V¢ < o : F(&) = G(§).

Assume for a contradiction that F(«) # G(a). We have then two
cases:
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Proof of uniqueness. Let F and G both be ordering functions for
A, thus F,G: On — Aand F, G are surjective and order
preserving. Assume by induction on « that V¢ < o : F(&) = G(§).
Assume for a contradiction that F(«) # G(a). We have then two
cases:

B F(a) < G(a).
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Proof of uniqueness. Let F and G both be ordering functions for
A, thus F,G: On — Aand F, G are surjective and order
preserving. Assume by induction on « that V¢ < o : F(&) = G(§).
Assume for a contradiction that F(«) # G(a). We have then two
cases:
m F(a) < G(«). The surjectivity of G yields that there exists a
S such that F(a) = G(5).
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Proof of uniqueness. Let F and G both be ordering functions for

A, thus F,G: On — Aand F, G are surjective and order

preserving. Assume by induction on « that V¢ < o : F(&) = G(§).

Assume for a contradiction that F(«) # G(a). We have then two

cases:

m F(a) < G(«). The surjectivity of G yields that there exists a

g such that F(«) = G(5). Then g > a since § = « is
impossible by assumption and if 5 < « the induction
hypothesis yields that F(3) = G(3) = F(«).
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Proof of uniqueness. Let F and G both be ordering functions for

A, thus F,G: On — Aand F, G are surjective and order

preserving. Assume by induction on « that V¢ < o : F(&) = G(§).

Assume for a contradiction that F(«) # G(a). We have then two

cases:

m F(a) < G(«). The surjectivity of G yields that there exists a

g such that F(«) = G(5). Then g > a since § = « is
impossible by assumption and if 5 < « the induction
hypothesis yields that F(3) = G(8) = F(«). But F is order
preserving hence 5 < a yields F(3) < F(«a), contradiction.
Thus g > « and the order preservation of G yields
G(B) > G(«a) > F(a).
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Proof of uniqueness. Let F and G both be ordering functions for
A, thus F,G: On — Aand F, G are surjective and order
preserving. Assume by induction on « that V¢ < o : F(&) = G(§).
Assume for a contradiction that F(«) # G(a). We have then two
cases:
m F(a) < G(«). The surjectivity of G yields that there exists a
g such that F(«) = G(5). Then g > a since § = « is
impossible by assumption and if 5 < « the induction
hypothesis yields that F(3) = G(8) = F(«). But F is order
preserving hence § < « yields F(5) < F(a), contradiction.
Thus g > « and the order preservation of G yields
G(B) > G(«a) > F(a).
| F(Oé) > G(CY) Slmllarly Ung/:ér:a\:sTlTEn
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Proof of uniqueness. Let F and G both be ordering functions for
A, thus F,G: On — Aand F, G are surjective and order
preserving. Assume by induction on « that V¢ < o : F(&) = G(§).
Assume for a contradiction that F(«) # G(a). We have then two
cases:
m F(a) < G(«). The surjectivity of G yields that there exists a
g such that F(«) = G(5). Then g > a since § = « is
impossible by assumption and if 5 < « the induction
hypothesis yields that F(3) = G(8) = F(«). But F is order
preserving hence 5 < a yields F(3) < F(«a), contradiction.
Thus g > « and the order preservation of G yields
G(B) > G(«a) > F(a).
| F(Oé) > G(CY) Slmllarly Ung/:ér:a\:sTlTEn
We conclude Va € On : F(a) = G(«) hence F = G.
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Normal functions

A function F is called continuous if
VA € Lim : F(A\) =sup{F(&) | £ < \}.
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Normal functions

A function F is called continuous if

VA € Lim: F(A\) =sup{F(&) | £ < A\}.

A function F is called normal if F is continues and order
preserving.
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Normal functions

A function F is called continuous if

VA € Lim: F(A\) =sup{F(&) | £ < A\}.

A function F is called normal if F is continues and order
preserving.

Lemma

If F: On — Onis continuous and if Vo : F(a) < F(&'). Then Fis
normal.
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Normal functions

A function F is called continuous if

VA € Lim: F(A\) =sup{F(&) | £ < A\}.

A function F is called normal if F is continues and order
preserving.

Lemma

If F: On — Onis continuous and if Vo : F(a) < F(&'). Then Fis
normal.

Proof. By induction on o we show that F is order preserving,

hence Vi€ On: f <a = F(f) < F(a). Thecase a =0is
trivial.
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Normal functions

A function F is called continuous if

VA € Lim: F(A\) =sup{F(&) | £ < A\}.

A function F is called normal if F is continues and order
preserving.

Lemma

If F: On — Onis continuous and if Vo : F(a) < F(&'). Then Fis
normal.

Proof. By induction on o we show that F is order preserving,
hence Vi€ On: f <a = F(f) < F(a). Thecase a =0is
trivial. Assume that o = +'. Then the two cases follow from it
B <a=n+"
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m 5 =+. Then F(3) < F(«) follows from the assumption that
F(B) < F(#).
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m 5 =+. Then F(3) < F(«) follows from the assumption that
F(B) < F(#).
m 3 < v. Then the induction hypothesis yields that

F(B) < F(v) and hence F(3) < F(«) since F(v) < F(v') is
valid by assumption.

)

11111
UNIVERSITEIT
GENT

Andreas Weiermann Ordinals and Hierarchies 15/84



BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

m 5 =+. Then F(3) < F(«) follows from the assumption that
F(B) < F(#).
m $ < v. Then the induction hypothesis yields that

F(B) < F(v) and hence F(3) < F(«) since F(v) < F(v') is
valid by assumption.

Assume now that o € Lim. Since « is a limit we obtain from
B < aalso ' < a.
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m 5 =+. Then F(3) < F(«) follows from the assumption that
F(B) < F(5).

m $ < v. Then the induction hypothesis yields that
F(B) < F(v) and hence F(3) < F(«) since F(v) < F(v') is
valid by assumption.

Assume now that o € Lim. Since « is a limit we obtain from
g < aalso B’ < a. The continuity of F implies

F(a) = sup{F(¢) | £ < a}.
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m $=~. Then F(5) < F(«) follows from the assumption that
F(B) < F(5').

m $ < v. Then the induction hypothesis yields that
F(B) < F(v) and hence F(3) < F(«) since F(v) < F(v') is
valid by assumption.

Assume now that o € Lim. Since « is a limit we obtain from
g < aalso B’ < a. The continuity of F implies

F(a) =sup{F(§) | £ < a}. The induction hypothesis yields
F(8') < F(a).
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m 5 =+. Then F(3) < F(«) follows from the assumption that
F(B) < F(#).
m $ < v. Then the induction hypothesis yields that

F(B) < F(v) and hence F(3) < F(«) since F(v) < F(v') is
valid by assumption.

Assume now that o € Lim. Since « is a limit we obtain from
B < a also /' < a. The continuity of F implies

F(a) =sup{F(§) | £ < a}. The induction hypothesis yields
F(p') < F(«). By assumption we have F(3) < F(5') hence
F(B) < F(a).
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Elementary properties of normal functions

Lemma
Let F be normal.

)

11111
UNIVERSITEIT
GENT

Andreas Weiermann Ordinals and Hierarchies 16/84



BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Elementary properties of normal functions

Lemma
Let F be normal.

F(a) =sup{F(¢) | £ < a}ifa>0.
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Elementary properties of normal functions

Lemma
Let F be normal.

F(a) =sup{F(¢) | £ < a}ifa>0.
If A\ € Lim then F(\) € Lim.
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Elementary properties of normal functions

Lemma
Let F be normal.

F(a) =sup{F(¢) | £ < a}ifa>0.
If A\ € Lim then F(\) € Lim.

For v > F(0) there exists a uniquely determined « such that
Fa) <7y < F(d).
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Elementary properties of normal functions

Lemma
Let F be normal.

F(a) =sup{F(¢) | ¢ <a}ifa>0.

If A\ € Lim then F(\) € Lim.

For v > F(0) there exists a uniquely determined « such that
Fa) <7y < F(d).

Let G be normal. Then F o G is normal, too.
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Elementary properties of normal functions

Lemma
Let F be normal.

F(a) =sup{F(¢) | ¢ <a}ifa>0.

If A\ € Lim then F(\) € Lim.

For v > F(0) there exists a uniquely determined « such that
Fa) <7y < F(d).

Let G be normal. Then F o G is normal, too.

H For a non empty set Awe have F(sup A) = sup F[A] where
FIA] = {F(a) | a € A}. T

UN\VERSITEIT
GEN

25

Andreas Weiermann Ordinals and Hierarchies 16/84



Proof of the first assertion. Assume inductively that

F(B) = sup{F(¢') | £ < B} forall 5 < a.
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Proof of the first assertion. Assume inductively that

F(B) = sup{F(¢') | ¢ < B} forall 8 < . Assume first that o is a

Successor.
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Proof of the first assertion. Assume inductively that

F(8) =sup{F(&') | £ < B} forall B < a. Assume first that o is a
successor. We have F(«a) € {F(¢') | € < a} thence

F(a) <sup{F(¢) | £ < a}. F is order preserving, hence

£ <a = F(¢) < F(a) sothatsup{F(¢) | € < a} < F(a).
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Proof of the first assertion. Assume inductively that

F(8) =sup{F(&') | £ < B} forall B < a. Assume first that o is a
successor. We have F(«a) € {F(¢') | € < a} thence

F(a) <sup{F(¢) | £ < a}. F is order preserving, hence

¢ <a = F(¢) < F(a) sothat sup{F() | € < a} < F(a).
Therefore F(a) = sup{F({) | £ < a}.
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Proof of the first assertion. Assume inductively that

F(8) =sup{F(&') | £ < B} forall B < a. Assume first that o is a
successor. We have F(«a) € {F(¢') | € < a} thence

F(a) <sup{F(¢) | £ < a}. F is order preserving, hence

¢ <a = F(¢) < F(a) sothat sup{F() | € < a} < F(a).
Therefore F(a) = sup{F({) | £ < a}.

Let a € Lim. Then

F(a) = sup{F(€) | € < a} = sup{F(¢) | € < a}.
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Proof of the first assertion. Assume inductively that

F(B) =sup{F(¢) | £ < B} forall B < a. Assume first that « is a
successor. We have F(«a) € {F(¢') | € < a} thence

F(a) <sup{F(¢') | £ < a}. Fis order preserving, hence

¢ <a = F(¢) < F(a) sothat sup{F(¢) | £ < a} < F(a).
Therefore F(a) = sup{F({) | £ < a}.

Let a € Lim. Then

F(a) = sup{F(€) | € < a} = sup{F(¢) | € < a}.

Proof of the second assertion. Let A\ € Lim. Then

F(X) =sup{F(&) | £ < A} because F is continuous.
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Proof of the first assertion. Assume inductively that

F(B) =sup{F(¢) | £ < B} forall B < a. Assume first that « is a
successor. We have F(«a) € {F(¢') | € < a} thence

F(a) <sup{F(¢') | £ < a}. Fis order preserving, hence

¢ <a = F(¢) < F(a) sothat sup{F(¢) | £ < a} < F(a).
Therefore F(a) = sup{F({) | £ < a}.

Let a € Lim. Then

F(a) = sup{F(€) | € < a} = sup{F(¢) | € < a}.

Proof of the second assertion. Let A\ € Lim. Then

F(X) =sup{F(&) | £ < A} because F is continuous. Suppose
v < F()\).
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Proof of the first assertion. Assume inductively that
F(B) =sup{F(¢) | £ < B} forall B < a. Assume first that « is a
successor. We have F(«a) € {F(¢') | € < a} thence

F(a) <sup{F(¢') | £ < a}. Fis order preserving, hence

¢ <a = F(¢) < F(a) sothat sup{F(¢) | £ < a} < F(a).
Therefore F(a) = sup{F({) | £ < a}.

Let a € Lim. Then

F(a) = sup{F(€) | € < a} = sup{F(¢) | € < a}.

Proof of the second assertion. Let A € Lim. Then

F(X) =sup{F(&) | £ < A} because F is continuous. Suppose
v < F(X). Then v < F(£) for some £ < A. Then

v < F(§) < F(¢') < F()\) because F is order preserving.
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Proof of the first assertion. Assume inductively that
F(B) =sup{F(¢) | £ < B} forall B < a. Assume first that « is a
successor. We have F(«a) € {F(¢') | € < a} thence

F(a) <sup{F(¢') | £ < a}. Fis order preserving, hence

¢ <a = F(¢) < F(a) sothat sup{F(¢) | £ < a} < F(a).
Therefore F(a) = sup{F({) | £ < a}.

Let a € Lim. Then

F(a) = sup{F(€) | € < a} = sup{F(¢) | € < a}.

Proof of the second assertion. Let A € Lim. Then

F(X) =sup{F(&) | £ < A} because F is continuous. Suppose
v < F(X). Then v < F(£) for some £ < A. Then

v < F(§) < F(¢') < F()\) because F is order preserving.
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Proof of assertion three. Let v > F(0).

«a0)>» «F»r « =)»
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Proof of assertion three. Let v > F(0). Then v < F(vy) < F(¥/).
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Proof of assertion three. Let v > F(0). Then v < F(vy) < F(¥/).
So there exists o = min{¢ | v < F(¢')}.
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Proof of assertion three. Let v > F(0). Then v < F(y) < F(v/).
So there exists a = min{{ | v < F(¢')}. Then v < F(d).
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Proof of assertion three. Let v > F(0). Then v < F(vy) < F(v/).
So there exists o = min{¢ | v < F(¢')}. Theny < F(d/). fa =0
then v = F(0) en the assertion follows.
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Proof of assertion three. Let v > F(0). Then v < F(y) < F(v/).
So there exists o = min{¢ | v < F(¢')}. Theny < F(d/). fa =0
then v = F(0) en the assertion follows. If « > 0 then

F(a) = sup{F(¢') | £ < a}.
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Proof of assertion three. Let v > F(0). Then v < F(y) < F(v/).
So there exists o = min{¢ | v < F(¢')}. Theny < F(d/). fa =0
then v = F(0) en the assertion follows. If « > 0 then

F(la) =sup{F(¢) | £ < a}. If £ < athen F(¢') < v so that

F(a) = sup{F({) | £ <a} <.
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Proof of assertion three. Let v > F(0). Then v < F(y) < F(v/).
So there exists a« = min{é | v < F({')}. Theny < F(&/). Ifa =0
then v = F(0) en the assertion follows. If « > 0 then

F(a) =sup{F(¢) | ¢ < a}. If £ <athen F(¢') <~ so that

F(a) =sup{F({') [ { <a} <.

Proof of assertion four. This Is easy.
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Proof of assertion three. Let v > F(0). Then v < F(y) < F(v/).
So there exists o = min{¢ | v < F(¢')}. Theny < F(d/). fa =0
then v = F(0) en the assertion follows. If « > 0 then

F(a) =sup{F(¢) | ¢ < a}. If £ <athen F(¢') <~ so that

F(o) = sup{F(¢) | € <a} <.

Proof of assertion four. This Is easy.

Proof of assertion five. Suppose that A C On is a non empty set
with o = sup A.
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Proof of assertion three. Let v > F(0). Then v < F(y) < F(v/).
So there exists o = min{¢ | v < F(¢')}. Theny < F(d/). fa =0
then v = F(0) en the assertion follows. If « > 0 then

F(a) =sup{F(¢) | ¢ < a}. If £ <athen F(¢') <~ so that

F(o) = sup{F(¢) | € <a} <.

Proof of assertion four. This Is easy.

Proof of assertion five. Suppose that A C On is a non empty set
with o« = sup A. If « € Athen F(a) = F(sup A) = sup F[A] since F
is order preserving.
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Proof of assertion three. Let v > F(0). Then v < F(y) < F(v/).
So there exists o = min{¢ | v < F(¢')}. Theny < F(d/). fa =0
then v = F(0) en the assertion follows. If « > 0 then

F(a) =sup{F(¢) | ¢ < a}. If £ <athen F(¢') <~ so that

F(o) = sup{F(¢) | € <a} <.

Proof of assertion four. This Is easy.

Proof of assertion five. Suppose that A C On is a non empty set
with o« = sup A. If « € Athen F(a) = F(sup A) = sup F[A] since F
is order preserving. If a ¢ Athen o € Lim such that

F(a) = sup{F(€) | € < a} = sup FIA].
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Lemma

Let A C On. Then Ais club iff Enumy, is normal.

«a0)>» «F»r « =)»

v
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Fixed point lemma for normal functions

Lemma
If Fis normal, then there exists a least « such that F(a) = a.

)

11111
UNIVERSITEIT
GENT

Andreas Weiermann Ordinals and Hierarchies 20/84



BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Fixed point lemma for normal functions

Lemma
If Fis normal, then there exists a least « such that F(a) = a.

Proof. Let us define a sequence «, as follows.

ag=0 antt1 = F(ap)
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Fixed point lemma for normal functions

Lemma
If Fis normal, then there exists a least « such that F(a) = a.

Proof. Let us define a sequence «, as follows.
oo = 0 AOpy = F(Oén)

Let 8 := sup{an | N < w}.
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Fixed point lemma for normal functions

Lemma
If Fis normal, then there exists a least « such that F(a) = a.
Proof. Let us define a sequence «, as follows.
oo = 0 AOpy = F(Oén)
Let 8 := sup{an | N < w}. Then
F(B) = F(sup{an | n < w})
=sup{F(ap) | n < w}
= sup{ant1 | N < w}

)
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Lemma
If Fis normal, then {a € On:

F(a) = a}is club.

«a0)>» «F»r « =)»
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The sum of ordinals

The sum of ordinals is defined by transfinite recursion:

a+0=a
a+f' = (a+ By
a+A=sup{a+{ | <A}
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Lemma

The function g — a + [ is normal.

«a0)>» «F»r « =)»
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Lemma

The function g — a + [ is normal.

Bo < B1 = a+ fo<a+f.

«a0)>» «F»r « =)»
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Lemma

The function g — a + [ is normal.

Bo < B1 = a+ fo<a+f.
a,B<a+p.

«a0)>» «F»r « =)»
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Lemma

The function g — « + § is normal.
Bo<Br = a+fy<a+pb.
a, B <a+p.

For all v > « there exists a unique S such that v = o + .
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Lemma

The function 8 — « + [ is normal.

Bo< B = a+fo<a+pb.

B o j<a+p.

For all v > « there exists a unique S such that v = o + .
ag<ar = a+8<ay+p.

_—
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Lemma

The function g — « + § is normal.
Bo<Br = a+fy<a+pb.
a, B <a+p.

For all v > « there exists a unique  such that v = o + §.
ag <oy = ag+ B <o+ B
A (a+p8)+y=a+(B+7)

_—
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Lemma

The function g — a + [ is normal.

Bo < B = a+fo<a+ b

a,f < a+p.

For all v > «a there exists a unique g such that v = a + S.
ag <y = oo+ B < aqg+B.

A (e+t8)+y=a+(8+7)

a,f<w = a+f=0+a.

}
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Lemma

The function g — a + [ is normal.

o< B = a+ o <a+ b

a,f < a+p.

For all v > «a there exists a unique g such that v = a + S.
ag <y = oo+ B < aqg+B.

A (e+t8)+y=a+(8+7)

Holf<w=— a+f=0F+a.

BO0<k<w — ktw=w<w+AKk.

}
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Fundamental sequences and the Hardy hierarchy

Proof. Define F(3) = o + § for a given a.
F continuous by definition. Note that
a+f<(a+B) =a+p' sothatVg: F(B) < F(p'). This
yields that F is normal.

}
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Proof. Define F(3) = o + § for a given a.
F continuous by definition. Note that
a+f<(a+B) =a+p' sothatVg: F(B) < F(p'). This
yields that F is normal.
This assertion follows from the normality of F.
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Proof. Define F(3) = o + § for a given a.
F continuous by definition. Note that
a+f<(a+B) =a+p' sothatVg: F(B) < F(p'). This
yields that F is normal.
This assertion follows from the normality of F.
Since F is normal we see 5 < a + (.
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Proof. Define F(3) = o + § for a given a.
F continuous by definition. Note that
a+f<(a+B) =a+p' sothatVg: F(B) < F(p'). This
yields that F is normal.
This assertion follows from the normality of F.
Since F is normal we see 5 < a + . The other assertion
follows by Induction on £.
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Proof. Define F(3) = o + § for a given a.

F continuous by definition. Note that
a+f<(a+B) =a+p' sothatVg: F(B) < F(p'). This
yields that F is normal.

This assertion follows from the normality of F.

Since F is normal we see 5 < a + . The other assertion
follows by Induction on £.

Suppose v > « and choose a 3 such that
a+p<~y<a+pf.Theny=a+p.
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Proof. Define F(3) = o + § for a given a.

F continuous by definition. Note that
a+f<(a+B) =a+p' sothatVg: F(B) < F(p'). This
yields that F is normal.

This assertion follows from the normality of F.

Since F is normal we see 5 < a + . The other assertion
follows by Induction on £.

Suppose v > « and choose a 3 such that
a+p<~y<a+pf.Theny=a+p.

By induction on 5.
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Proof. Define F(3) = o + § for a given a.

F continuous by definition. Note that
a+f<(a+B) =a+p' sothatVg: F(B) < F(p'). This
yields that F is normal.

This assertion follows from the normality of F.

Since F is normal we see 5 < a + . The other assertion
follows by Induction on £.

Suppose v > « and choose a 3 such that
a+p<~y<a+pf.Theny=a+p.

By induction on 5.

@A By induction on ~.
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Proof. Define F(3) = o + § for a given a.

F continuous by definition. Note that
a+f<(a+B) =a+p' sothatVg: F(B) < F(p'). This
yields that F is normal.

This assertion follows from the normality of F.

Since F is normal we see 5 < a + . The other assertion
follows by Induction on £.

Suppose v > « and choose a 3 such that
a+p<~y<a+pf.Theny=a+p.

By induction on 5.

@A By induction on ~.

By induction on «a.
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Proof. Define F(3) = o + § for a given a.

F continuous by definition. Note that
a+f<(a+B) =a+p' sothatVg: F(B) < F(p'). This
yields that F is normal.

This assertion follows from the normality of F.

Since F is normal we see 5 < a + . The other assertion
follows by Induction on £.

Suppose v > « and choose a 3 such that
a+p<~y<a+pf.Theny=a+p.

By induction on 5.

@A By induction on ~.

By induction on «a.

AIf0o<k< w, then k +w = sup{k +n ’ n< UJ} = SUp{m ‘UN\\/ERNSTITEIT
m<wl=w<w <w+Kk. ¢
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BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

The product of ordinals

The product of two ordinals is defined by transfinite recursion:
a-0=0
a-B=a -+«
a-A=sup{a-&| &< A}if A € Lim.
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Lemma

If « > 0 then the function 8 — « - 5 is normal.

«a0)>» «F»r « =)»

v
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Lemma

If « > 0 then the function 8 — « - 5 is normal.
ag <oy = ap-fB<ar- .

«a0)>» «F»r « =)»
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Lemma

If « > 0 then the function 8 — « - 5 is normal.
Bao<a = a-B< a0
Bao (B-7)=(aB)
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Lemma

If « > 0 then the function 8 — « - 5 is normal.
Bao<a = a-B< a0

Ba (8-7)=(aB) 1
a-(B+y)=a-B+a- 7.
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Lemma

If « > 0 then the function 8 — « - 5 is normal.
Bao<a = a-B< a0

Bao (B-7)=(a )7
Ba(50)=adran

Baoa-0=0=0-
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Lemma

If « > 0 then the function 8 — « - 5 is normal.
Bao<a = a-B< a0

Ba (8-7)=(aB) 1

Ao (B+y)=a B+a-7,
Ho-0=0=0-q.

ABolf<w = a-f=0-a.
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Lemma

If « > 0 then the function 8 — « - 5 is normal.
Bo<a = a-B<ar-p.
Ho (8-7)=(5) .
Bao (Bty)=a ft+a-r.
Boa-0=0=0-qa.
ABolf<w = a-f=0-a.
1<k<w = k-w=w<uw-Kk.
OnivERSTeT
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Lemma

If « > 0 then the function 8 — « - 5 is normal.
Bo<a = a-B<ar-p.
Ho (8-7)=(5) .
Bao (Bty)=a ft+a-r.
Boa-0=0=0-qa.
ABolf<w = a-f=0-a.
1<k<w = k-w=w<uw-Kk.
OnivERSTeT
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BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Proof. All proofs are similar to the proofs we have seen before
for the sum of ordinals, except the distributivity property which is
proved by induction on ~:

)
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BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Proof. All proofs are similar to the proofs we have seen before
for the sum of ordinals, except the distributivity property which is
proved by induction on ~:

my=0Thena - (+0)=a-f=a-F+a-0.
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Fundamental sequences and the Hardy hierarchy

Proof. All proofs are similar to the proofs we have seen before
for the sum of ordinals, except the distributivity property which is
proved by induction on ~:
my=0.Thena-(6+0)=a-f=a-F+a-0.
my=¢. Thena-(B+¢)=a-(B+&) =a-(6+&)+a
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Normal functions
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Fundamental sequences and the Hardy hierarchy

Proof. All proofs are similar to the proofs we have seen before
for the sum of ordinals, except the distributivity property which is
proved by induction on ~:
my=0.Thena-(6+0)=a-f=a-F+a-0.
my=¢ Thena - (f+&)=a-(B+E&) =a-(B+&) +a. By
induction hypthesis this is equal to
(- fHa-&)+a=a-b+(a-&+a)=a-F+a-7.

)

11111
UNIVERSITEIT
GENT

Andreas Weiermann Ordinals and Hierarchies 26/84



BASIC THEORY OF ORDINALS

Normal functions
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Proof. All proofs are similar to the proofs we have seen before
for the sum of ordinals, except the distributivity property which is
proved by induction on ~:
my=0.Thena-(6+0)=a-f=a-F+a-0.
my=¢. Thena-(B+¢)=a-(f+&) =a-(6+&)+a. By
induction hypthesis this is equal to
(- fHa-&)+a=a-b+(a-&+a)=a-F+a-7.
m v € Lim. Then
a-(B+y)=a-sup{B+&[§ <y} =sup{la-(B+E) <}
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Proof. All proofs are similar to the proofs we have seen before
for the sum of ordinals, except the distributivity property which is
proved by induction on ~:
my=0.Thena-(6+0)=a-f=a-F+a-0.
my=¢. Thena-(B+¢)=a-(f+&) =a-(6+&)+a. By
induction hypthesis this is equal to
(- fHa-&)+a=a-b+(a-&+a)=a-F+a-7.
m v € Lim. Then
a-(B+y)=a-sup{B+&[§ <y} =sup{la-(B+E) | <}
By the induction hypothesis the last term equals
sup{a-B+a-€ | <y} =a-B+sup{a-§ | € <7} = a B+omp
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The exponentiation of ordinals

The exponentiation of two ordinals is defined by the following
transfinite recursion:

a® =1

’
OZ'B:Oé

o =sup{a® |0 < & < A\}if A € Lim.

N
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Lemma

The function 3 +— o is normal if o > 2.

«a0)>» «F»r « =)»

a
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Lemma

The function 3 +— o is normal if o > 2.
a<y = af <A

«a0)>» «F»r « =)»

v
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Lemma

Boa<y = o <45

The function 3 +— o is normal if o > 2.

abf a7 = alt,

«a0)>» «F»r « =)»

a
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Lemma

The function 3 +— o is normal if o > 2.

a<y = o <A
abf a7 = alt,
(aﬂ)v = P,

«a0)>» «F»r « =)»

v
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Lemma

The function 3 — of is normal if a > 2.
a<y = of <47

abf a7 = alt,

(aﬁ)v = P,

f5>p8y>--->ppand a > dy,...,0, then
a’ > b S+ -+ P45,

_—
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BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Proof.

All proofs are routine. Assertion 4 is proved by induction on ~
and assertion 5 is proved by induction on n. For the induction
step argue as follows:

of > o’ .o
Z aﬁo-(50+1)
> a0 Gg+ o+ a6,

)
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BASIC THEORY OF ORDINALS

Normal functions
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The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Cantor’s theorem

For all « > 2 and v > 1 there exist uniquely determined
B,6,7 suchthat0 < 6 < o, 79 < o and

7:a5-5+70.
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Cantor’s theorem

For all « > 2 and v > 1 there exist uniquely determined
B,6,7 suchthat0 < § < o, 7o < &® and

7:a5-5+70.

For all « > 2 and v > 1 there exist uniquely determined n,
Bo > > Pn 0<dp,...,0n < asuch that

y=a% 5+ 4+ a6,
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Cantor’s theorem

For all « > 2 and v > 1 there exist uniquely determined
B,6,7 suchthat0 < § < o, 7o < &® and

7:a5-5+70.

For all « > 2 and v > 1 there exist uniquely determined n,
Bo > > Pn 0<dp,...,0n < asuch that

y=a% 5+ 4+ a6,
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Proof of the first assertion. We first prove existence. Since
B+ o is normal there exists a 3 such that o® < vy < o5+,

[m]

=
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Proof of the first assertion. We first prove existence. Since
B+ o is normal there exists a 3 such that o < v < o+,
Therefore there exists a 6 such that 0 < 6 < a and

af - § <y <af-(§+ 1) and so there exists a 4o such that
vw<alandaf S+ <y <a’ 5+ +1.
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Cantor’s theorem

We now prove uniqueness.
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Cantor’s theorem

We now prove uniqueness. Assume that
y=aP -0+ =a’ -6+~ where 0 < §,6; < aand vy < o,
v <. Since 0 < § < awand vy < o we find o < v < o,
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Cantor’s theorem

We now prove uniqueness. Assume that
y=aP -0+ =a’ -6+~ where 0 < §,6; < aand vy < o,
v <. Since 0 < § < awand vy < o we find o < v < o,
Indeed,

Sl :aﬁ-a2a5(5+1):a6-5+a6>a5+70.

Similarly we find o®' < v < o®*'. Since exponentiation is
normal we find 3 = 3;. Sowesee y = o -6+ = o® - 61 + 1.
This yields
o §<y<a® (64+1)
a? . 01 << af . (51 + 1) UNIVERSITEIT

)

hence § = 4.
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Cantor’s theorem

We now prove uniqueness. Assume that
y=aP -0+ =a’ -6+~ where 0 < §,6; < aand vy < o,
v <. Since 0 < § < awand vy < o we find o < v < o,
Indeed,

Sl :aﬁ-a2a5(5+1):a5-6+a6 > o + .
Similarly we find o®' < v < o®*'. Since exponentiation is
normal we find 3 = 3;. Sowesee y = o -6+ = o® - 61 + 1.
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Cantor’s theorem

We now prove uniqueness. Assume that
y=aP -0+ =a’ -6+~ where 0 < §,6; < aand vy < o,
v <. Since 0 < § < awand vy < o we find o < v < o,
Indeed,

Sl :aﬁ-a2a5(5+1):a6-5+a6>a5+7o.

Similarly we find o®' < v < o®*'. Since exponentiation is
normal we find 3 = 3;. Sowesee y = o -6+ = o® - 61 + 1.
This yields
o §<y<a® (64+1)
a? . 01 << af . (51 + 1) Ungé»:a\llsTnEn
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We now arrive at v = o - § + 4 = o’ - § + 1. Since the ordinal
sum is normal in the second argument we find ~y = 1.

[m]

=
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BASIC THEORY OF ORDINALS
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We now arrive at v = o - § + vo = o - § + 4. Since the ordinal
sum is normal in the second argument we find o = 1.

Proof of the second assertion by induction on ~. The previous
assertion yields vy = o® - § + o with 0 < 6 < a.
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We now arrive at v = o - § + vo = o - § + 4. Since the ordinal
sum is normal in the second argument we find o = 1.

Proof of the second assertion by induction on ~. The previous
assertion yields v = a” - § 4+ 4o with 0 < § < a. Since v, < v the
induction hypothesis yields that vy = o* - §y +- - - 4+ - §, so that
y=a §4+a’ -5+ +aP -6, Wefind B > B4 since o > .
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We write o =cnp w® kg + -+ - + w* k, where ag > - - - > a,. We
call this the Cantor normal form of «.
Note that the CNF is unique by Cantor’s theorem.
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The class AP of additive principal numbers is defined by
a€AP <= a>0AVn<a:f+n<a

It is easy to see that 1 is the first additive principal number. It is
also easy to see that the other additive principal numbers are
limit ordinals.
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Lemma

a — w® is the ordering function of AP.

«a0)>» «F»r « =)»

a

UNIVERSITEIT
GENT

DA



Lemma

a — w® is the ordering function of AP.
a€AP <—= Vé¢<a:{+a=aqa.

«a0)>» «F»r « =)»
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Proof of the first assertion. By induction on a. Let F(«a) = w®.
The we have to show that F is a surjective and order preserving
function from On onto AP.
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Proof of the first assertion. By induction on a. Let F(«a) = w®.
The we have to show that F is a surjective and order preserving
function from On onto AP. We know already that F is order
preserving. We still have to show that rangeF = AP.
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Proof of the first assertion. By induction on a. Let F(«a) = w®.
The we have to show that F is a surjective and order preserving
function from On onto AP. We know already that F is order
preserving. We still have to show that rangeF = AP.

Suppose a = 0. Then w® = w® =1 € AP.
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Proof of the first assertion. By induction on a. Let F(«a) = w®.
The we have to show that F is a surjective and order preserving
function from On onto AP. We know already that F is order
preserving. We still have to show that rangeF = AP.

Suppose a = 0. Then w® = w® =1 € AP.

Suppose a = 3+ 1 and let &, < W = Whw.
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Proof of the first assertion. By induction on a. Let F(«a) = w®.
The we have to show that F is a surjective and order preserving
function from On onto AP. We know already that F is order
preserving. We still have to show that rangeF = AP.

Suppose a = 0. Then w® = w® =1 € AP.

Suppose a = 3+ 1 and let &, < Wt = wAw. Then there exist
m, n < w such that ¢ < w’nandn < w?m. Then
E+n<wPn+wm=wf(n+m).
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Proof of the first assertion. By induction on a. Let F(«a) = w®.
The we have to show that F is a surjective and order preserving
function from On onto AP. We know already that F is order
preserving. We still have to show that rangeF = AP.

Suppose a = 0. Then w® = w® =1 € AP.

Suppose a = 3+ 1 and let &, < Wt = wAw. Then there exist
m, n < w such that ¢ < w’nandn < w?m. Then

£+n < wn+wm=wh(n+ m). Because n+ m < w we have
w(n+m) < wlw = WP = we. This yields w* € AP.
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Proof of the first assertion. By induction on a. Let F(«a) = w®.
The we have to show that F is a surjective and order preserving
function from On onto AP. We know already that F is order
preserving. We still have to show that rangeF = AP.

Suppose a = 0. Then w® = w® =1 € AP.

Suppose a = 3+ 1 and let &, < Wt = wAw. Then there exist
m,n < w such that ¢ < w’nand n < w’m. Then

£+n < wn+wm=wh(n+ m). Because n+ m < w we have
WA(n+ m) < wlw = WPt = we. This yields w® € AP.

Assume now that « € Lim and let £, 7 < w®.
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Proof of the first assertion. By induction on a. Let F(«a) = w®.
The we have to show that F is a surjective and order preserving
function from On onto AP. We know already that F is order
preserving. We still have to show that rangeF = AP.

Suppose a = 0. Then w® = w® =1 € AP.

Suppose a = 3+ 1 and let &, < Wt = wAw. Then there exist
m, n < w such that ¢ < w’nandn < w?m. Then

£+n < wn+wm=wh(n+ m). Because n+ m < w we have
w(n+m) < wlw = WP = we. This yields w* € AP.
Assume now that a € Lim and let £, 7 < w®. Then there exist
a1, ap < aWith £ < w® and n < w2,
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Proof of the first assertion. By induction on a. Let F(«a) = w®.
The we have to show that F is a surjective and order preserving
function from On onto AP. We know already that F is order
preserving. We still have to show that rangeF = AP.

Suppose a = 0. Then w® = w® =1 € AP.

Suppose a = 3+ 1 and let &, < Wt = wAw. Then there exist
m, n < w such that ¢ < w’nandn < w?m. Then

£+n < wn+wm=wh(n+ m). Because n+ m < w we have
w(n+m) < wlw = WP = we. This yields w* € AP.

Assume now that a € Lim and let £, 7 < w®. Then there exist
at,ap < aWith £ <w® and n < w®. Then

E4+n <w +woe < gmaxane)tt <o I
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Proof of the first assertion. By induction on a. Let F(«a) = w®.
The we have to show that F is a surjective and order preserving
function from On onto AP. We know already that F is order
preserving. We still have to show that rangeF = AP.

Suppose a = 0. Then w® = w® =1 € AP.

Suppose a = 3+ 1 and let &, < Wt = wAw. Then there exist
m, n < w such that ¢ < w’nandn < w?m. Then

£+n < wn+wm=wh(n+ m). Because n+ m < w we have
w(n+m) < wlw = WP = we. This yields w* € AP.
Assume now that a € Lim and let £, 7 < w®. Then there exist
at,ap < aWith £ <w® and n < w®. Then

E4+n <w + w2 < Mm@t < o Hence w® € AP.

)

11
UNIVERSITEIT
GENT

Andreas Weiermann Ordinals and Hierarchies 37/84



Finally suppose that « € AP. Let a =cnp w™kg + - - - + WK,

«a0)>» «F»r « =)»
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Finally suppose that a € AP. Let o =cnp w™kg + - - - + w* K. If
n>0orn=0andk, > 1then

a=w+w.(k—1)+---+w*k, would show that o & AP.
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Proof of the second assertion.
Suppose a € AP. Then there are two cases:

m o = 1. This case is trivial because the only £ < « is the
ordinal 0 and in this case we have 0 + o = «.
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Proof of the second assertion.
Suppose a € AP. Then there are two cases:

m o = 1. This case is trivial because the only £ < « is the
ordinal 0 and in this case we have 0 + o = «.

B o € Lim. Suppose ¢ < a. Then
E+a=sup{l+n|n<a}<a.
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Proof of the second assertion.
Suppose a € AP. Then there are two cases:

m o = 1. This case is trivial because the only £ < « is the
ordinal 0 and in this case we have 0 + o = «.

B o € Lim. Suppose ¢ < a. Then
E+a=sup{{+n|n<a}<a Wehave {+ a >« andso
E+a=a.
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Proof of the second assertion.
Suppose a € AP. Then there are two cases:

m o = 1. This case is trivial because the only £ < « is the
ordinal 0 and in this case we have 0 + a = «.

B o € Lim. Suppose ¢ < a. Then
E+a=sup{{+n|n<a}<a Wehave {+ a >« andso
E+a=a.

For the other direction, suppose £ + a = « for all £ < a.
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Proof of the second assertion.
Suppose a € AP. Then there are two cases:

m o = 1. This case is trivial because the only £ < « is the
ordinal 0 and in this case we have 0 + o = «.

B o € Lim. Suppose ¢ < a. Then
E+a=sup{{+n|n<a}<a Wehave {+ a >« andso
E+a=a.

For the other direction, suppose £ + a = « for all £ < a.
Suppose &,n < a. Then £ + a,n + a = « and thence
E+n<&+a=asothata € AP.
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We write « =npag+ - +apifa=ap+ -+ apand
ag>--->apand ag,...,a € AP.

Lemma

For every a > 0 there exists uniquely determined ordinals
ag,...,apsuchthat o =yr ag + -+ + ap.
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We write o« =np g+ - +apifa=a¢+--- + a, and
ag>--->apand ag,...,a € AP.

Lemma

For every a > 0 there exists uniquely determined ordinals
ag,...,apsuchthat o =yr ag + -+ + ap.

Proof. By looking at the Cantor normal form of a.
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We write o« =np g+ - +apifa=a¢+--- + a, and
ag>--->apand ag,...,a € AP.

Lemma

For every a > 0 there exists uniquely determined ordinals
ag,...,apsuchthat o =yr ag + -+ + ap.

Proof. By looking at the Cantor normal form of a.
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The natural sum of ordinals

The natural sum a @ g is defined by
ad0=a=0&a.

If & =xp o+ -+ apand 8 =xg app1 + -+ + anym then
a® B = ape) + - - + apnymy Where p: N — N is a bijection
from {0,....n+ m} — {0,...,n+ m} with
Qp(0) = *** = Cp(ntm)-
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a®B=B0a

«Or < Fr <=

a
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Lemma

a®p=p0a.
a®(Boy)=(adp)DY.

> A« F » <
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Lemma

a®f=pda.

Bad(Bey)=(adb)d7.

If ag,...,ap € APwith ag > --- > «, then
ag+--Fap=apD - D ap.
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Lemma

a®f=pda.

Baod(far)=(adp)a.

If ag,...,ap € APwith ag > --- > «, then
ag+--Fap=apD - D ap.

A<y = adf<ady.
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Lemma

a®f=pda.

Baod(Ba7)=(dp)®

If ag,...,ap € APwith ag > --- > «, then
ag+-Fan=ao® - d an.

A<y = adf<ady.

a,f<w = adf<uw.
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Lemma

HodB=08®a.

Baod(Ba7)=(dp)®

If ag,...,an € AP with ag > --- > «a, then
ag+ - Fan=0a0P D ap.

A<y = a®f<adn.

Bof<w = adf<w.

ABaoa+s<adp.

One can interprete the natural sum of ordinals « en 3 as uniona
. . 11T
of the multisets of their exponents. UNIYERSTET
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For o € On we define functions ¢,
o = Enumpap.

Patr1 = Enumygeonp=y, 5} -

©x = Enumygeon:(ve<x)s=¢¢ 5} -
paf = up.

[m]

=

: On — On as follows.
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Lemma

The function ¢, is normal for every a € On.

«a0)>» «F»r « =)»
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Lemma

The function ¢, is normal for every a € On.

«a0)>» «F»r « =)»
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Proof. By induction on a.

«a0)>» «F»r « =)»
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Proof. By induction on a.

Let Cr(«) be the range of ¢,. One shows that Cr(«) is club for
all a.
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Proof. By induction on a.

Let Cr(«) be the range of ¢,. One shows that Cr(«) is club for
all a.

Closedness:

_—
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Proof. By induction on a.

Let Cr(«) be the range of ¢,. One shows that Cr(«) is club for
all a.

Closedness: Let us consider the case that « € Lim.
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Proof. By induction on a.

Let Cr(«) be the range of ¢,. One shows that Cr(«) is club for
all a.

Closedness: Let us consider the case that o« € Lim. Let

AC Cr(@) = e, Cr(€).
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Proof. By induction on a.

Let Cr(«) be the range of ¢,. One shows that Cr(«) is club for
all a.

Closedness: Let us consider the case that « € Lim. Let

A C Cr(a) =Nee, Cr(§). Then AC Cr(§) forall § < a.

)

11111
UNIVERSITEIT
GENT

Andreas Weiermann Ordinals and Hierarchies 45/84



BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Proof. By induction on a.

Let Cr(«) be the range of ¢,. One shows that Cr(«) is club for
all a.

Closedness: Let us consider the case that « € Lim. Let

A C Cr(a) =Nee, Cr(§). Then A C Cr(¢) for all § < «. Hence
by i.h. supA € Cr(¢) for all £ < a so that sup A € Cr(«).

)

11111
UNIVERSITEIT
GENT

Andreas Weiermann Ordinals and Hierarchies 45/84



BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Proof. By induction on a.

Let Cr(«) be the range of ¢,. One shows that Cr(«) is club for
all a.

Closedness: Let us consider the case that « € Lim. Let

A C Cr(a) =Nee, Cr(§). Then A C Cr(¢) for all § < «. Hence
by i.h. supA € Cr(¢) for all £ < a so that sup A € Cr(«).
Unboundedness: Fix g € On.
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Proof. By induction on a.

Let Cr(«) be the range of ¢,. One shows that Cr(«) is club for
all a.

Closedness: Let us consider the case that « € Lim. Let

A C Cr(a) =Nee, Cr(§). Then A C Cr(¢) for all § < «. Hence
by i.h. supA € Cr(¢) for all £ < a so that sup A € Cr(«).
Unboundedness: Fix g € On. Let vy > a.
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Proof. By induction on a.

Let Cr(«) be the range of ¢,. One shows that Cr(«) is club for
all a.

Closedness: Let us consider the case that a € Lim. Let

A C Cr(a) =Nee, Cr(§). Then A C Cr(¢) for all § < «. Hence
by i.h. supA € Cr(¢) for all £ < a so that sup A € Cr(«).
Unboundedness: Fix 5 € On. Let vo > «. By recursion let

Vi1 = sup{@evn 1 § < a}. Lety = supy,.
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Proof. By induction on a.

Let Cr(«) be the range of ¢,. One shows that Cr(«) is club for
all a.

Closedness: Let us consider the case that a € Lim. Let

A C Cr(a) =Nee, Cr(§). Then A C Cr(¢) for all § < «. Hence
by i.h. supA € Cr(¢) for all £ < a so that sup A € Cr(«).
Unboundedness: Fix 5 € On. Let vo > «. By recursion let

Y1 1= sup{peyn 1 € < a}. Let vy =supy,. Then 5 < 7.

Now let ¢ < a.

)

11111
UNIVERSITEIT
GENT

Andreas Weiermann Ordinals and Hierarchies 45/84



BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Proof. By induction on a.

Let Cr(«) be the range of ¢,. One shows that Cr(«) is club for
all a.

Closedness: Let us consider the case that a € Lim. Let

A C Cr(a) =Nee, Cr(§). Then A C Cr(¢) for all § < «. Hence
by i.h. supA € Cr(¢) for all £ < a so that sup A € Cr(«).
Unboundedness: Fix 5 € On. Let vo > «. By recursion let

Y1 1= sup{peyn 1 € < a}. Let vy =supy,. Then 5 < 7.

Now let ¢ < a.

Then gy = sup peYn < SUpYny1 = 7-
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Proof. By induction on a.

Let Cr(«) be the range of ¢,. One shows that Cr(«) is club for
all a.

Closedness: Let us consider the case that a € Lim. Let

A C Cr(a) =Nee, Cr(§). Then A C Cr(¢) for all § < «. Hence
by i.h. supA € Cr(¢) for all £ < a so that sup A € Cr(«).
Unboundedness: Fix 5 € On. Let vo > «. By recursion let

Y1 1= sup{peyn 1 € < a}. Let vy =supy,. Then 5 < 7.

Now let ¢ < a.

Then ¢ey = sup peyn < supynst = 7. Hence v € Cr(a).
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Lemma

paf = oo iff

B o <yandf§ =gy, or
B a=~and =9, or
H 7 < aand paf = 6.
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Lemma

paf = gy iff

B o< yand g = gy, or
B a=~yand 5 =4,or
H 7 < aand paf = 9.

Proof. If a < v then pa(pyd) = pvd.
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Lemma

paf = gy iff

B o< yand g = gy, or
B a=~yand 5 =4,or
H 7 < aand paf = 9.

Proof. If « < v then pa(pyd) = pyd. Hence paf = pd iff

B =p7o.

[m]

=
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Lemma

paf = gy iff

B o< yand g = gy, or
B a=~yand 5 =4,or
H 7 < aand paf = 9.

Proof. If « < v then pa(pyd) = pyd. Hence paf = pd iff
B = ¢vd. The case v < « is similar.

_—
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Lemma
pa = ey iff
a <~vand = pvd, or
a=~and §=4,or
v < aand paf = 9.
Proof. If « < v then pa(pyd) = pyd. Hence paf = pd iff

B = ¢v6. The case v < « is similar. For a = ~ the assertion is
trivial.

}
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Lemma

paf < gy iff

B a<~vyand g < ¢yd, or
B oa=vyand 3 <, or
H 7 < aand paf < 6.

Proof. If a < v then pa(pyd) = pvd.
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Lemma

paf < gy iff

B a<~vyand g < ¢yd, or
B oa=vyand 3 <, or
H 7 < aand paf < 6.

Proof. If @ < v then pa(pyd) = pyd. Hence paf < ¢4 iff
B < pvo.
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Lemma

paf < gy iff

B a<~vyand g < ¢yd, or
B oa=vyand 3 <, or
H 7 < aand paf < 6.

Proof. If @ < v then pa(pyd) = pyd. Hence paf < ¢4 iff
B < ¢v6. The case v < « is similar.
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Lemma
paf < v iff
a <~vyand < ¢vd, or
a=~and g <d,or
v < aand paf < 9.
Proof. If @ < v then pa(pyd) = pyd. Hence paf < ¢4 iff

B < pvo. The case v < « is similar. For a = ~ the assertion is
trivial.

}
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Lemma
For every v € AP there exist unique « and 8 < v such that
v = pap.

Proof. Existence: By induction on o one shows a < pa0
(exercise).

_—
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Fundamental sequences and the Hardy hierarchy

Lemma

For every v € AP there exist unique « and 3 < v such that
v = ap.

Proof. Existence: By induction on o one shows a < a0
(exercise). Therefore v < 0 < 7.

)
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Fundamental sequences and the Hardy hierarchy

Lemma

For every v € AP there exist unique « and 3 < v such that

v = ap.

Proof. Existence: By induction on o one shows a < a0
(exercise). Therefore v < 70 < ¢v~. Let a be minimal such
that v < pary.

)
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BASIC THEORY OF ORDINALS
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The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Lemma

For every v € AP there exist unique « and 3 < v such that

v = ap.

Proof. Existence: By induction on o one shows a < a0
(exercise). Therefore v < 70 < ¢v~. Let a be minimal such
that v < pary. If a > 0 then p&y =~ forall € < a.

)
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Lemma

For every v € AP there exist unique « and 3 < v such that

v = pap.

Proof. Existence: By induction on o one shows a < a0
(exercise). Therefore v < ¢p7y0 < pv~. Let o be minimal such
that v < pary. If @ > 0 then &y = ~ for all ¢ < a. Therefore in all
cases v € Cra and so there exists a 5 such that v = paf.
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Lemma

For every v € AP there exist unique « and 3 < v such that

v = pap.

Proof. Existence: By induction on o one shows a < a0
(exercise). Therefore v < ¢p7y0 < pv~. Let o be minimal such
that v < pary. If @ > 0 then &y = ~ for all ¢ < a. Therefore in all
cases v € Cra and so there exists a  such that v = pa/3. Since
v < pay we have g < 7.

)
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Uniqueness. Assume v = paff = &6 and 3,0 < .

«a0)>» «F»r « =)»

<
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Uniqueness. Assume v = paff = p£d and 5,6 < . Then a

previous Lemma yields o« = £ and 5 = .

[m]

=
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Lemma

There exists [y := min{a : @ = pa0}.

«a0)>» «F»r « =)»

a
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Lemma

There exists 'y := min{a : @ = pa0}. {a: a = a0} is a club.
Proof. Let 7o := 0 and 7y,+1 := ¢,,0.
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«O>» «F»r « > < > E VA



Lemma

There exists 'y := min{a : @ = pa0}. {a: a = a0} is a club.
Proof. Let 7o := 0 and v,11 := ¢,,0. Let vy := supy,.
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Lemma

There exists Iy := min{a : @ = pal}. {a: a = a0} is a club.
Proof. Let 7o := 0 and v,1 := ¢,,0. Let v := sup~y,. Then
v = ¢70. (exercise).
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BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Fundamental sequences and the Hardy
hierarchy

From now on we restrict ourselves to ordinals below 10 = «.
Let a[n] is the n-th element of the fundamental sequence for

« € Lim:
0 if o € {0,1}
aln] = :
g+ Famttapn fa=xpag+---+an
W] = W (n+ 1)
w)\[n] = wA[”] if A € Lim. T
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The Hardy hierarchy is defined as follows:

Ho(n) =n
Har1(n) = Ha(n+1)
Hy(n) = Hyjp(n+1) where \ € Lim
UNI(\./;EI'ES]I_TEIT
[m] = = =
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The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Let o = w® + - -+ w* be in Cantor normal form. Then
N(a) =n+ N(aq) +-- -+ N(ap)

We say NF(«, j3) if one the following conditions hold:
a=0;
8 =0;
a=wM+--+wrand 8 =w + .- +whand ay > bs.

)
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The Bachmann property

Lemma
a € Lim = «a[n] <a[n+1]and a[n] = aifn — w
a>0 = N(o[0]) < N(a)

Proof by induction on «.

Andreas Weiermann Ordinals and Hierarchies
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Lemma

aln < f<a = a[n] < F[0].
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Lemma
afn] < B <a = «f[n] < p[0].

Proof. Assume that 5 =xg o + - - - + Bk with kK > 0. There are
the following three cases.

_—
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Lemma

aln] < f<a = afn] < 0]

Proof. Assume that 5 =xg Bo + - - - + 0k With kK > 0. There are
the following three cases.

Case 1. a =g ag + - -+ + ay, with m > 0:

aln=ap+- +amn < Bo+-+ Bk <ag+-+am

)
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Lemma

aln] < f<a = afn] < 0]

Proof. Assume that 3 =ng 8o + - - - + Bk With kK > 0. There are
the following three cases.

Case 1. a=np g+ -+ apwithm> 0:

an=ap+ - +ann <Bo+-+Bk<ap+: - +an
This yields k > men a; = g, for all i < m so that

amln] < Bm+ -+ Bk < am = ap[n] < Bm < am.

)
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Lemma

aln] < f<a = afn] < 0]

Proof. Assume that 3 =ng 8o + - - - + Bk With kK > 0. There are
the following three cases.

Case 1. a=np g+ -+ apwithm> 0:

an=ap+ - +ann <Bo+-+Bk<ap+: - +an
This yields k > men a; = g, for all i < m so that

amln] < Bm+ -+ Bk < am = ap[n] < Bm < am.

)

If Kk = mthen Oém[n] < Bm < am. UN%TEH
GENT
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Lemma

aln] < f<a = afn] < 0]

Proof. Assume that 3 =ng 8o + - - - + Bk With kK > 0. There are
the following three cases.

Case 1. a=np g+ -+ apwithm> 0:

aff=ag+---+apn<Bo+- -+ Pk <ap+-+anm
This yields k > men a; = g, for all i < m so that
CYm[n]<Bm“""‘{'ﬁk<ﬁm - Oém[n]gﬁm<04m-

If kK = mthen ap[n] < Bm < am. The induction hypothesis ylg@%ﬁn
am[n] < Bml[0] < am. If kK > mthen 5, + -+ - + 5k[0] > Bp.

Andreas Weiermann Ordinals and Hierarchies 55/84



Case 2. Suppose now o = w’*1,

«a0)>» «F»r « =)»

a
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Case 2. Suppose now o = w’*'. Then

a[n =w'(n+1) < B <w™!

«a0)>» «F»r « =)»

a
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Case 2. Suppose now o = w’*'. Then
aln =w(n+1) < g <w™

This yields 5o = --- =, =w” and B,.1 #0fork > n+1 and
thus

wW(n+1) <o+ + B+ + B[0]

_—
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Case 3. Suppose o = w?*. Then

a[n] = W[N] = MM < g <

«a0)>» «F»r « =)»

it
v




Case 3. Suppose o = w?*. Then

a[n] = W[N] = M < g <

We have 3y = w? = A[n] <. If k > 0then B[0] > By > w .
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Case 3. Suppose o = w?*. Then

a[n] = W[N] = M < g <

We have 3y = w? = A[n] <. If k > 0then B[0] > By > w .
If Kk =0then A\[n] <~y < A.
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The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Case 3. Suppose o = w*. Then
a[n] = W[N] = M < g <
We have 3y = w? = A[n] <~. If k > 0 then B[0] > 3y > W,

If Kk = 0 then A[n] < v < A. The induction hypothesis yields
Aln] < ~[0].

)
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Case 3. Suppose o = w*. Then
a[n] = W[N] = M < g <

We have 3y = w? = A[n] <~. If k > 0 then B[0] > 3y > W,
If Kk = 0 then A[n] < v < A. The induction hypothesis yields
A[n] < ~[0]. Thence

WA < (N0 — 5I0].

)
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Lemma
a[n] < B <a = N(a[n]) < N(B).
Proof. This follows from the previous two lemmas.

Lemma
a<f = a<p[N(a)].
Proof. We obtain

peLim = N(5[n]) < N(B[n+1]) = N(a) < N(B[N(a)])

Suppose 5[N(«)] < a < . This yields a contradiction.

)
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Lemma

H.(n) < Ha(n+1)
plml <a < = Hgm(n+1) < Hy(n)
B <aAN(B)<n = Hz(n) < H,n)

[m]

=
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The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Lemma
H.(n) < H,(n+1)
plml < a < f = Ham(n+1) < Hu(n)
B <aANB)<n = Hz(n) < H,(n)

Proof. The first two assertions are proved by simultaneous
induction on a.

)
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Lemma

H.(n) < Hy(n+1)
plml < a < = Hm(n+1

) < Ha(n)
B 3<aANpB)<n = Hs(n)<H,

(n)
Proof. The first two assertions are proved by simultaneous
induction on «. The first assertion is clear for o = 0 and follows
from the i.h. when a = 5 + 1. If & € Lim then the second
assertion yields

H.(n) = Huym(n+1) < Hapn(n+2) < Hyppr1y(n+2) = Ho(n+1).
For a proof of the second assertion note 3[m] < a[n] < 3 T
Hsm(n+ 1) < Hu[n](n) < Hu[n](n+ 1) = H.(n). UNGERTET

)
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The third assertion follows by inductionon A. 3 <a AN(B) < n
yields 5 < a[n] and hence Hs(n) < H,[n](n) < H,(n).

Crucial observation: Let k > n be minimal such that
a[n]...[k—1]=0. Then

H.(n) = Hym(n+ 1) = Hyms1(n+ 2) = Hapnk—11(K) = K

)
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Lemma

NE(a, 8) = Hass(n) = Ha(Hs(n)).
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Lemma

NF(0, 8) — Hass(n) = Ha(Ha(n))
Ho1(n) = HX ' (n 4+ 1) en H(n) = Ham(n + 1).
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BASIC THEORY OF ORDINALS
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The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Lemma

NF(a, 8) = Hays(n) = Ha(Hs(n)).
H,es1(n) = HX ' (n4-1) en H(n) = Hoa(n 4 1).

w

For all primitive recursive functions f exists a k such that for
all X we have f(X) < H,x(max X).

)
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Lemma

NF(a, 8) = Hais(n) = Ha(Hs(n)).
H,es1(n) = HX ' (n4-1) en H(n) = Hoa(n 4 1).

For all primitive recursive functions f exists a k such that for
all X we have f(X) < H,x(max X).

Proof.
By induction on S.

)
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Lemma

NF(a, 3) = Hass(n) = Ha(Hs(n)).
H,es1(n) = HX ' (n4-1) en H(n) = Hoa(n 4 1).
For all primitive recursive functions f exists a k such that for
all X we have f(X) < H,x(max X).
Proof.
By induction on 5.

chm(n) = Hwa+1[n](n+ 1) = Hwa(,,+1)(n+ 1) — n+1(n—|— 1)

W

)
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Lemma

NF(a, 3) = Hass(n) = Ha(Hs(n)).
H,es1(n) = HX ' (n4-1) en H(n) = Hoa(n 4 1).
For all primitive recursive functions f exists a k such that for
all X we have f(X) < H,x(max X).
Proof.
By induction on 5.
chm(n) = Hwa+1[n](n + 1) = Hwa(n+1)(n + 1) = £j1(n + 1)
This assertion follows from (2).
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Lemma

B <aAN(B)<n = Hg(n) < H,(n).
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Lemma

B <aAN(B)<n = Hg(n) < H,(n).
A>0 = 1+ N(A[0]) = N(N).
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Lemma

B <aAN(B)<n = Hg(n) < H,(n).
A>0 = 1+ N(A[0]) = N(N).
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The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Proof of the first assertion. Suppose 5 < a. The assertion is
proved by induction on «. If « = 0 then the assertion follows
trivially. So suppose a > 0.

)
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Proof of the first assertion. Suppose 5 < a. The assertion is
proved by induction on «. If « = 0 then the assertion follows
trivially. So suppose a > 0. We find

Hs(n) < Hs(n+ 1) IgH Ham(n+1) = H,(n)

)
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Proof of assertion two by induction on A.

«a0)>» «F»r « =)»

a
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Fundamental sequences and the Hardy hierarchy

Proof of assertion two by induction on A. If A = 0 then the
theorem is trivial. So suppose that A = o + 1. Then A\[0] = «

14+ NA[0]) = 1+ N(a) = N(a +1) = N())

)
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Proof of assertion two by induction on A. If A = 0 then the
theorem is trivial. So suppose that A = o + 1. Then A\[0] = «

14+ N(AJO]) = 1+ N(a) = N(a + 1) = N()
If A\ = w**! then A\[0] = w® and
14+ NA[0]) = 2+ N(a) = 1+ N(\)

)
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Proof of assertion two by induction on A. If A = 0 then the
theorem is trivial. So suppose that A = o + 1. Then A\[0] = «

14+ N(AJO]) = 1+ N(a) = N(a + 1) = N()
If A\ = w**! then A\[0] = w® and

14+ NA[O]) =2+ N(a) = 1+ N(\)

If A\ =w® where o € Lim then we have

14+ NOAO]) = 1 + N(w®) = 2 + N(a[0]) 2 1 + N(a) = 1+ NEX)
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Lemma

H.(n) < H.«(n).
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Lemma

Ha(n) < Hwa(n)_
Ha(n) < Hags(n).

UNIVERSITEIT
GENT
«O» «Fr < > < N = sao



Lemma

H.(n) < H,a(n).
Ha(n) < Hagp(n)-
N(a) < H,(n).
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Lemma

H.(n) < H,a(n).
Ha(n) < Hagp(n)-
N(a) < H,(n).
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Proof of the first assertion. If « = 0 then Hy(n) = n < Hi(n).
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Proof of the first assertion. If & = 0 then Hy(n) = n < H;(n). For
a =+ 1 we find

IH
Hoo(n) = Hysney(n) = HX(n+ 1) > Hy(n+1) = Hu(n).
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BASIC THEORY OF ORDINALS
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Fundamental sequences and the Hardy hierarchy

Proof of the first assertion. If & = 0 then Hy(n) = n < Hy(n). For
a =3+ 1 we find
] IH
H.o(n) = Hosniny(n) = HISY(n+1) > Ha(n+ 1) = Hu(n).
If o is a limit, then:
Ha(n) = Ha[,,](n + 1) < Hwa[n](n -+ 1) = Hwa(n)

)
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Proof of the first assertion. If & = 0 then Hy(n) = n < Hy(n). For
a =3+ 1 we find

IH
Hoa(n) = Hos(nyny(n) = HJT'(n+1) = Hs(n+ 1) = Ha(n).
If o is a limit, then:
Ha(n) = Ha[,,](n+ 1) < Hwa[n](n+ 1) = Hwa(n)

Proof of the second assertion. Suppose a = w* + - - - + w* and
ﬁ = WM o OmEn

)
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Proof of the first assertion. If & = 0 then Hy(n) = n < Hy(n). For
a =3+ 1 we find

IH
Hoe(n) = Hus(nin(n) = HJ' (n+1) > Hy(n+1) = Ha(n).
If o is a limit, then:
Ha(n) = Ha[,,](n+ 1) < Hwa[n](n+ 1) = Hwa(n)

Proof of the second assertion. Suppose a = w* + - - - + w* and
B = w4 ... 4w Then

H,(n) = Hoei (- - - Hyam(N) .. .)

Ha@ﬁ = Hwaﬂu) ( .. Hwaﬂ(mrm (n) .. )

wherer is an permutation so that a1y > -+ > axnem- Itis a&%
to see that the assertion follows.
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Proof of the third assertion.

«a0)>» «F»r « =)»
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Proof of the third assertion. If & = 0 then the assertion is clear.
For successors o + 1 we find

N(a+1) =14+ N((a + 1)[0]) < Hias1)[0)(0) < Hiar1)o(1) < Hara(C

)
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Proof of the third assertion. If & = 0 then the assertion is clear.
For successors o + 1 we find

N(a+1) =14+ N((a + 1)[0]) < Hias1)[0)(0) < Hiar1)o(1) < Hara(C
If o is a limit:

N(a) =1+ N(a[0]) <1+ Ha)(0) < Hapo)(1) = Ha(0) < Ha(n)
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Applications

Now we study majorization properties for the Hardy hierarchy.

Fe(x) = max({F(x)+1}U{C(F", F°)(x):
7,0 <aAN(y),N(6) < F(x)})

)
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Applications

Now we study majorization properties for the Hardy hierarchy.

Fe(x) = max({F(x)+1}U{C(F", F°)(x):
7,0 <aAN(y),N(6) < F(x)})

)
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Lemma

Suppose that F is weakly increasing and fulfilling F(x) > x.

a<f = F%x) < Ff(x).

[m]

=
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Lemma
Suppose that F is weakly increasing and fulfilling F(x) > x.

a<f = F%x) < Ff(x).
4k < H,o(k) and 8k < H,3(k) or more generally
2'k < H,i(k).

)

11111
UNIVERSITEIT
GENT

Andreas Weiermann Ordinals and Hierarchies 69/84



BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Lemma
Suppose that F is weakly increasing and fulfilling F(x) > x.

a<f = F%x) < Ff(x).

4k < H,»(k) and 8k < H,3(k) or more generally
2'k < H,i(K).

F S HOc — Fﬁ(X) S Hwoz@[3+1+8(x).

)
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Lemma
Suppose that F is weakly increasing and fulfilling F(x) > x.

a<f = F%x) < Ff(x).

4k < H,»(k) and 8k < H,3(k) or more generally
2'k < H,i(K).

F S HOc — Fﬁ(X) S Hwoz@[3+1+8(x).

)
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Proof of the first assertion. By induction on «. For a = 0 we
obtain

Fo(x) = F(x)+1 < Ff(x)
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Proof of the first assertion. By induction on a. For a = 0 we
obtain

Fo(x) = F(x) +1 < F?(x)

For o > 0 we find

or

Fe(x) = FY(F°(x)) + F(x) + F°(x)

)

for v, 0 < a with N(’y), N(5) < F(X) UNIVERSITEIT
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Proof of the second assertion. We compute:

H,(k) = Hopg(k + 1) = Hipa(k+ 1) = Hi(k 4+ 2) = He_1(k + 3) =
ng(k) = H(wg)[k](k + 1) = Hw+k+1(k + 1) = Hw(2k + 2) w[2k+2](
= Hoxi3(2k +3) =4k + 6
Haa(K) = Hopiet (k + 1) = Hoa(2k +2) > 4(2k +2) > 8k

)
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Proof of the third assertion. By induction on 5 we prove for all
X > 8,

FP(x) < Haepst(X)
and this yields the assertion.

[m]

=
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Proof of the third assertion. By induction on 5 we prove for all
X > 8,

FO(X) < Hyuomr(X)
and this yields the assertion. For 5 = 0 we obtain:

Fo(x) = F(X) + 1 < Ho(X) + 1 < Hay1(X) < Hagpri(X)
< Hoes+1(X)

)
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Proof of the third assertion. By induction on 5 we prove for all
X > 8,

FP(x) < Haom1(x)
and this yields the assertion. For 5 = 0 we obtain:

FO(x) = F(x) 4+ 1 < Hay(x) + 1 < Hayy1(X) < Hagpi1(x)
§ HwaéBBH (X)

For 8 > 0 we have
FP(x) = FT(F(x)) + F7(x) + F°(x)
for v,0 < 5. Let £ = max(~, ¢). Then we obtain
FA(x) < FE(FE(x)) - 8 < FE(F¥(x)) - 4

)
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The induction hypothesis and (2) yield
FS(F8(x))-4 < Ho(H,
S Hwa@§+1 (H

[m]

weoest (Heee (X))

=

wo®E+1 (Hw"‘@§+1 (Hwa@f+1 (X))))
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The induction hypothesis and (2) yield

FE(FS(x)) - 4 < Huo(Hyooe 1 (Hyanes1(X)))
< Hooert (Hyooert (Hyooert (Hyeoe1(X))))

Because of H,(Hs(x)) = H,15(x) for NF(a, 5) we see
FE(FS(x)) - 4 < Hyaoeq

)
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The induction hypothesis and (2) yield

FE(FS(x)) - 4 < Hoo(Haoert (Hyamer (X))
< Hjooe (Hwae>£+1 (Hwa@5+1 (Hwa@5+1 (X))))

Because of H,(Hs(x)) = H,15(x) for NF(a, 5) we see
FE(F*(x)) - 4 < Hoec
Moreover we find

N(w* ) = 4(1 + N(a) & N(€) + 1) < 8(2H,(X)) = 16H,(X)
< Hua(Ha(X)) < Hyeess()

)
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The induction hypothesis and (2) yield

FE(FS(x)) - 4 < Hoo(Haoert (Hyamer (X))
< Hjooe (Hwae>£+1 (Hwa@5+1 (Hwa@5+1 (X))))

Because of H,(Hs(x)) = H,15(x) for NF(a, 5) we see
FE(F*(x)) - 4 < Hoec
Moreover we find

N(w* ) = 4(1 + N(a) & N(€) + 1) < 8(2H,(X)) = 16H,(X)
< Hua(Ha(X)) < Hyeess()
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Now we can show that F#(x) < H_aess(H, ees5(x)). For & < 3 we
have ¢ + 1 < 5 and there are two options:

m If f +1= ﬁ then Hwa®§+14(Hwae>B5(X)) = Hwa@ﬁ4(Hwa@65(X)).

)
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Now we can show that F#(x) < H,eess(Hees5(x)). For & < 3 we
have ¢ + 1 < 5 and there are two options:
mIf &+ 1= pthen Heocig(Heess(X)) = Hoawsa(Hoaoss(X)).
mIf 6 +1< 5 then Hwa®£+14(Hwa@/35(X)) = Hwa$ﬂ4(Hwa€B/35(X))
since the norm of the leftmost ordinal is controlled by the
argument.

)
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Now we can show that F#(x) < H,eess(Hees5(x)). For & < 3 we
have ¢ + 1 < 5 and there are two options:

m If 5 +1= ﬁ then Hwa®§+14(Hwa@B5(X)) = HwaEBB4(Hwa6965(X)).

mIf 5 +1< 5 then Hwa®£+14(Hwa@/35(X)) = Hwa$ﬁ4(Hwa€B/35(X))
since the norm of the leftmost ordinal is controlled by the
argument. Finally we see

FP(X) < Hyaomg(X) < Haoss1(X) < Hyawsi (X + 8)
S HwaEBBH_H (X + 7) S e S HwaED,BH_l_S(X)

)
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The Goodstein sequences

Let m[k < k + 1] be the result of first writing m hereditarily in
base k normal form and then second replacing base k by k + 1.

)
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The Goodstein sequences

Let m[k < k + 1] be the result of first writing m hereditarily in
base k normal form and then second replacing base k by k + 1.
Let mp := mand my 1 := mklk +2 < k+ 3] — 1.

)
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The Goodstein sequences

Let m[k < k + 1] be the result of first writing m hereditarily in
base k normal form and then second replacing base k by k + 1.
Let mp := mand my 1 := mklk +2 < k+ 3] — 1.

Then the assertion Vm3kmy = 0 is true but not provable in first
order Peano arithmetic.

)
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Px(Alx])

ifa=0
ifa=p+1
if A\ € Lim.
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The modified Hardy hierarchy is defined as follows:

ho(n) =n
ha+1(n) = ha(n + 1)
h\(n) = hym(n)

[m]

=

where A € Lim
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The slow growing hierarchy is defined as follows:

Go(n) =0
Gar1(n) =1+ Ga(n)
Gr(n) = Gxmi(n)

[m]

where )\ € Lim

=
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Lemma

If @ > 0 then H,(x) = Hp,o(x + 1).
Let kK > nbe minimal such that Py ... P,.1P,a = 0. Then

h,(n) = k

Lemma
H,(x) < ho(x +1) < Hy(x + 1).
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Lemma

Write Gxa - Ga(X). Then PxGXa - prxa.

«a0)>» «F»r « =)»

v
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Lemma
If NF(w®, B) then Gy(w® + 3) = (x + 1)% + G,f.
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Lemma
The termination of the Goodstein sequences follows from the

totality of the function x — H. (x).
Proof by putting the last lemmata together.

)

11111
UNIVERSITEIT
GENT

Andreas Weiermann Ordinals and Hierarchies 82/84



BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Lemma
The termination of the Goodstein sequences follows from the

totality of the function x — H. (x).
Proof by putting the last lemmata together. Let m be given.
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Lemma
The termination of the Goodstein sequences follows from the
totality of the function x — H. (x).

Proof by putting the last lemmata together. Let m be given.
Write m in base 2 representation.

)

11111
UNIVERSITEIT
GENT

Andreas Weiermann Ordinals and Hierarchies 82/84



BASIC THEORY OF ORDINALS

Normal functions

Ordinal arithmetic

The Veblen hierarchy

Fundamental sequences and the Hardy hierarchy

Lemma
The termination of the Goodstein sequences follows from the
totality of the function x — H. (x).

Proof by putting the last lemmata together. Let m be given.
Write m in base 2 representation. Let a be the result of
replacing in this representation 2 by w.
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Lemma
The termination of the Goodstein sequences follows from the
totality of the function x — H. (x).

Proof by putting the last lemmata together. Let m be given.
Write m in base 2 representation. Let a be the result of
replacing in this representation 2 by w. Then m = Gi(«).
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Lemma
The termination of the Goodstein sequences follows from the
totality of the function x — H. (x).

Proof by putting the last lemmata together. Let m be given.
Write m in base 2 representation. Let a be the result of
replacing in this representation 2 by w. Then m = Gi(«). Then
my = GZ(CY) —-1= PQGQ(CK) = GngOé and

me = G3P2a —1= G3P3P2a.

)
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Lemma
The termination of the Goodstein sequences follows from the

totality of the function x — H. (x).

Proof by putting the last lemmata together. Let m be given.
Write m in base 2 representation. Let a be the result of
replacing in this representation 2 by w. Then m = Gi(«). Then
my = GZ(CY) —-1= PQGQ(CK) = GngOé and

me = G3P20( —1= G3P3P2a. The me =0 iff Pk+1 .. P3P20é =0.
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Lemma
The termination of the Goodstein sequences follows from the

totality of the function x — H. (x).

Proof by putting the last lemmata together. Let m be given.
Write m in base 2 representation. Let a be the result of
replacing in this representation 2 by w. Then m = Gi(«). Then
my = GZ(CY) —-1= PgGg(Oé) = GngOé and

me = G3P20( —1= 63P3P2a. The me =0 iff Pk+1 .. P3P2()é =0.
This k corresponds to h,(k) so essentially to H, (k).
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THANKS - PERSONAL INFORMATION

Thank you for listening. The results of this talk will be covered
next term in a lecture in Ghent. Interested (master,PhD)
students or others are welcome.

Andreas Weiermann
Andreas.Weiermann@UGent.be

Department Mathematics

Ghent University

Krijgslaan 281

Building S22 =
9000 Ghent UNIVERSITEIT
Belaium
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