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Schmerl formula

The arithmetical Π0
n uniform reflection for theory T

RFNΠ0
n
(T ) : (∀ϕ ∈ Π0

n)(PrvT (ϕ)→ TrΠ0
n
(ϕ)).

For recursive ordinals α we define r.e. theories RFNαΠ0
n
(T ):

RFNαΠ0
n
(T ) = T + {RFNΠ0

n
(RFNβ

Π0
n
(T )) | β < α}.

Formally definition is carried out using Fixed Point Lemma.

EA is a weak fragment of PA proving totality of exponentiation.

Schmerl formula:

RFNαΠ0
n+1

(EA) ≡Π0
n
RFNω

α

Π0
n

(EA), for α > 0.



Classifying Π0
2 consequences of PA in terms of iterated

reflection

Ordinal ωn = ω. . .
ω︸ ︷︷ ︸

n times

.

PA ≡
⋃
n∈N

RFNΠ0
n
(EA).

⇓
PA ≡Π0

2

⋃
n∈N

RFNωn

Π0
2
(EA).

⇓
PA ≡Π0

2
RFNε0

Π0
2
(EA).



From reflection to fast-growing functions

fα(x) is α’th function from fast-growing hierarchy

For any ∆0
0 formula ϕ(x , y):

RFNαΠ0
2
(EA) ` ∀x∃y ϕ(x , y)

⇓

RFNαΠ0
2
(EA) ` ∀x(∃y < f n2+β(x))ϕ(x , y), for some β < α and n ∈ N

Hence
PA ` ∀x∃y ϕ(x , y)

⇓
PA ` ∀x(∃y < fα(x))ϕ(x , y), for some α < ε0



KPω vs PA
Axioms of KP are: Extensionality, Pair, Union, ∆0-Separation,
∆0-Collection, and Foundation.
KPω is KP + Infinity.

Transitive models of KP are known as admissible sets.
Analogies between PA and KPω:

PA KPω
N admissible sets with ω

r.e. sets Σ1 classes
recursive functions Σ1 functions

recursive ordinal notations ∆0 class well-orderings
ω On
ε0 εOn+1

hierarchies of hierarchies of
recursive functions Σ1 functions On→ On

r.e. theories class-theories with Σ1 class of axioms



Reflection principles in KP
The axioms of KP0 are: Extensionality, Pair, Union, ∆0-Separation,
∆0-Collection, Regularity, Transitive Containment, and Totality of
Rank Function.

Definitions inside KP0:
L is usual set-theoretic language with constants cs , for all sets s
Note: L forms a proper class
Πn,Σn,∆0 are Πn,Σn,∆0 with set constants.

Let T be L theory given by Σ1 formula defining its class of axioms.

RFNΠn(KP0ω) : (∀ϕ ∈ Πn)(PrvT (ϕ)→ TrΠn(ϕ)).

a ranges over ∆0 class well-orderings.
Schmerl formula:

RFNa
Πn+1

(KP0ω) ≡Πn RFN
ωa

Πn
(KP0ω), for a > 0.



Reformulating KPω in terms of iterated reflection

The class well-ordering ωa
n = ω. . .

ωa︸ ︷︷ ︸
n times

Over KP0ω Foundation is equivalent to On + 1-iterated reflection:

KPω ≡
⋃
n∈N

RFNOn+1
Πn

(KP0ω).

⇓
KPω ≡Π2

⋃
n∈N

RFNω
On+1
n

Π2
(KP0ω).

⇓
KPω ≡ RFNεOn+1

Π0
2

(KP0ω).



Hierarchies of ordinal function

We have assignment of fundamental sequences a[ξ], for a < εOn+1.

a = sup
ξ<τa

a[ξ], where τa ≤ On

Bachmann defined extension of Veblen hierarchy ϕa.
We use similar hierarchy Fa that is closely connected to
fast-growing hierarchy:

fα : N→ N Fa : On→ On
f0(n) = n + 1 F0(α) = α + 1

fα+1(n) = f nα (n) Fa+1(α) = sup
n<ω

Fn
a(α)

Fa(α) = sup
ξ<τa

Fa[ξ](α) if τa < On

fλ(n) = fλ[n](n) Fa(α) = Fa[α](α) if τa = On



Ordinal bounds for Π2 theorems of KPω

Recall that
KPω ≡Π2 RFNεOn+1

Π2
(KP0ω).

RFNa
Π2

(KP0ω) ` “Fb is total”, for b < 1 + a

For any ∆0 formula ϕ(x , y)

RFNa
Π2

(KP0ω) ` ∀x∃y ϕ(x , y)

⇓
RFNa

Π2
(KP0ω) ` ∀x∃y

(
rk(y) ≤ Fn

1+b(rk(x)) ∧ ϕ(x , y)
)

and
RFNa

Π2
(KP0ω) ` ∀x∃y

(
y ∈ LFn

1+b(rk(x))(x) ∧ ϕ(x , y)
)

for some b < a and n ∈ N



Thank You!


